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Abstract 

The nonlocal symmetry is derived from the known Darboux transformation (DT) of the Hirota-Satsuma coupled 
KdV (HS-cKdV) system, and infinitely many nonlocal symmetries are obtained by introducing some internal pa- 
rameters. By extending the HS-cKdV system to an auxiliary system with five dependent variables, the prolongation 
is found to localize the nonlocal symmetry related to the DT. Base on the enlarged system, the finite symmetry 
transformations and similarity reductions about the local symmetries are computed, which lead to some novel exact 
solutions of the HS-cKdV system. These solutions contain some new solutions from old ones by the finite symme- 
try transformation and exact interaction solutions among solitons and other complicated waves including periodic 
cnoidal waves and Painleve waves through similarity reductions. Some integrable models from the nonlocal sym- 
metry related to the DT are obtained in two aspects: the negative HS-cKdV hierarchy obtained by introducing the 
internal parameter and integrable models both in lower and higher dimensions given by restricting the symmetry 
constraints. 
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^ 1. Introduction 
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£C) • Symmetry study is always a powerful method in physics and other natural and applied sciences, especially, 

in integrable systems and solion theory JllQ]. For one known symmetry of a differential system, there are some 
important applications, such as obtaining new solutions from old ones via corresponding finite transformation 
UJ-QD, reducing dimensions of differential system by similarity reductions and getting new integrable 
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hierarchies and higher dimensional integrable models from original integrable models Jz - I10H and so on. A lot of 
work has devoted to finding the general Lie symmetry by using the classical or nonclassical Lie group method in 
the past years. However, since it is still challengeable to seek nonlocal symmetries for a given differential system 



1 1 1141311 . only a few papers have paid attention to the relevant research. Most recently, some efficient techniques 
for searching nonlocal symmetries of differential equations have been proposed and developed. For example, one 



can obtained infinite many nonlocal symmetries by recursion operators and their inverses 1113l - ll7ll . the conformal 



invariant form (Schwartz form) |]9| [10|], Darboux transformation (DT) [ 18142 1H . Backlund transformation H22H . 
pseudopotentials and potential system J3l and so on. 

However, the finite symmetry transformations and similarity reductions cannot be directly calculated from the 
nonlocal symmetry. This fact leads to few works to construct explicit solutions for the related differential equa- 



tion^) in this aspect. Fortunately, the localization of nonlocal symmetry through introducing potential |]2|] and 



pseudopotential-type 123142511 symmetries which possess close prolongation extends the applicability of symme- 



try method to obtain some new solutions of differential equations. Base on this method, new finite symmetry 
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transformations can be derived (for example, the finite symmetry transformations obtained from DT and the initial 
DT are different but possess same infinitesimal form [20]) and the original equation(s) need to be expanded into 



DL~l 



some prolonged systems [3, 20, 22]. Further, to solve these prolonged systems generates some novel exact interac- 
tion solutions among solitons and other complicated waves including periodic cnoidal waves and Painleve waves 
lEo , 22 L Practically, these novel solutions unearthed have potentially important applications in some physical 
fields 



Moreover, to find new integrable models is another important application of symmetry study. For (1+1)- 
dimensional integrable model, the recursion operator [1291 - 13111 is a valid method to produce the integrable hierarchy. 
Very recently, Lou Ill4l - ll7ll has extended some negative hierarchy through utilizing the inverse recursion operator 
for (l+l)-dimensional integrable models and introducing some internal parameters for (2+l)-dimensional inte- 
grable models lllOll . In addition, making use of the nonlinearization of Lax pair under certain constraints between 
potentials and eigenfunctions, Cao has developed a systematic approach to find finite-dimensional integrable sys- 
tems [32-34]. In particular, it has also been pointed that by restricting a symmetry constraint to the Lax pair of the 
soliton equation, one can not only obtain the lower dimensional integrable models from higher ones, but can also 
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embed the lower ones into higher dimensional integrable models 

In this paper, we concentrate on the nonlocal symmetry of the Hirota-Satsuma coupled KdV (HS-cKdV) system 
and their applications. Firstly, the nonlocal symmetry is derived from the known DT of the HS-cKdV system, and 
infinitely many nonlocal symmetries are obtained by introducing some internal parameters. The prolongation 
of the nonlocal symmetry related to the DT is found by extending the HS-cKdV system to an auxiliary system 
with five dependent variables. Then, the finite symmetry transformations and similarity reductions about the 
corresponding local symmetries are computed for giving novel exact solutions of the HS-cKdV system. These 
solutions contain some new solutions from old ones by the finite symmetry transformations and exact interaction 
solutions among solitons and other complicated waves including periodic cnoidal waves and Painleve waves by 
similarity reductions. The another work of the paper is to extend the HS-cKdV system to some new integrable 
models from the nonlocal symmetry related to the DT in two aspects: the negative HS-cKdV hierarchy obtained 
by introducing the internal parameter and some other integrable models both in finite and infinite dimensions given 
by restricting the symmetry constraints. 

The HS-cKdV system 



W( — ^ Mxxx 



+ 3uu x — 6vv x , 
- 3mVv, 



(1.1) 
(1.2) 



is proposed as the coupled KdV system by Hirota and Satsuma, which describes interactions of two long waves 
with different dispersion relations 03611 . In a following paper [37], these authors shown that this coupled KdV 
system is the four-reduction of the celebrated KP hierarchy and its soliton solutions can be derived from ones 
of the KP equation. Meanwhile, Wilson observed that the HS-cKdV system is just an example of many 
integrable systems arose from the Drinfeld-Sokolov theory |39|,|40J]. Some significant properties of the HS-cKdV 
system have been revealed in the past years. For instance, the HS-cKdV system possesses bilinear form |3a 41 

43 48 



Lax pair Il42ll47[ 14811 . Backlund transformations [43 



infinitely many symmetries and conservation laws 02911 etc. 



, Darboux transformations [44-46], Painleve property 



The paper is organized as follows. In Sec. II, the nonlocal symmetry is derived from the DT of the HS-cKdV 
system, and more nonlocal symmetries can be produced from one seed symmetry through introducing some inner 
parameters. A prolonged system to localize the nonlocal symmetry is presented by extending the HS-cKdV system. 
The finite symmetry transformations of prolonged local symmetries and similar reductions of the prolonged system 
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are presented, and some new exact solutions of the original system are obtained. Section III is devoted to finding 
the negative HS-cKdV hierarchy by introducing the internal parameter and integrable models both in lower and 
higher dimensions by restricting the symmetry constraints. The last section are conclusions and discussions. 



2. Non-local symmetries via Darboux transformation 



It is known that DT is the most direct and yet elementary approach for the construction of exact solutions. 
Using this method, one can obtain new solutions fron old solutions through simple iteration. In this section, we 
use the invariant properties of differential equations exhibited by DT to deduce the nonlocal symmetries of the 
HS-cKdV system fTTb-fLlb. 



The Lax pair for the HS-cKdV system (TTTTl-lfOl reads 14211471 14811 



&2> 



-(u + v)0i - Axf/2, 



- -(u - v)tf/ 2 + 

1 

01/ = --(u x -2v x )i//i +(u-2v)if/i x -2Aif/ 2x , 



02/ 



-(u x + 2v x )ifr2 + (u + 2v)\f/2x + 2/101 



(2.1) 
(2.2) 
(2.3) 

(2.4) 



where {u, v} is a solution of Eqs. dl.U - dl.2t and A is a spectral parameter. 

In Re f. 11451 14611 . Hu and Liu had constructed the DT for the HS-cKdV system from singularity analysis and 
reduction of a binary DT. We rewrite it here. 

Proposition 1 11451 14611 The DT of Eqs. dl.lt - dl.2t is expressed by 

iA2iAiA- - iffifox 



u = u + 2(ln8) x 



v + 



with 



Ox = 0102, t = 2A(0? - ifrj) - 20i*02* ~ «0i02- 
Proposition 2 



02\ W[(fo,4>i]~W[<t>u4>2] 2 W[<f>u<hY 



Si 



is a symmetry of the HS-cKdV system dl.lt -( fL2b with \u,v} replaced by {U, V}, where 0i,02,0i, 
satisfy the following equations: 

<Pux = -(0 + V)01, <p u = --(U x - 2V*)0i +(U- 2V)<f> u , 

02« = -(0 - V)0 2 , 02, = ~\{U X + 2V x )(f>2 + (U + 2V)0 2 *, 

faxx = -(0 + V)fa - 02, fa, = ~\{U X - 2V x )fa +(U- 2V)fa x - 2(f> 2x , 



fa xx = -(0 - V)fa + <p 



1 



L, <P2l 



-(U x + 2V x )fa + (U + 2V)0 2 , + : 



and 



02 



= J 4>\4> 2 dx + a(t), 6\, = -201*02* - #0102, 

= J"0102 + 020ldjC +/3(t), 6 2t = 2(0^ - 4>\) - 2(01*02* + 02*01*) - t/(0102 + 020l), 



(2.5) 
(2.6) 

(2.7) 
l 2 and 8\ , 9 2 

(2.8) 
(2.9) 
(2.10) 
(2.11) 

(2.12) 
(2.13) 



where U=U- 2(ln 0,).„, V = V - W[a, b] = ab x - ba x , and {a(t),/3(t)} are functions of t. 

Proof. Setting 4>i=\fii{x, t, 0), <p2=ifrz(x, t, 0), $i=iffu(x, t, 0), 02=0ziOc, t, 0), Gi=6(x, t, 0) and 6 2 =0 A (x, t, 0). Fur- 
thermore, defining U — u + 2Qndi) xx and V — v + ^ , From proposition 1, we know that U, V is a solution of 
the HS-cKdV system ( II. lb and ( 11.21 ). Now we formally expand u and v in powers of /L We obtain 



= V + A 



]+0(A 2 ) = U+2A(^) + 0(A 2 ), (2.14) 
v ox 1 x=Qi v 6\ ' xx 



1=0 



+ Q(A 2 ) 



= v+ ^mti.n-m+.#\ + fewh>t, W | +0(A (215) 

Thus (o"i,o"2) is a symmetry of HS-cKdV system ( 11.11 ) and ( 11.21 ) with respect to [/ and V. Then, substituting 
u — U - 2(ln6>i) xv and v = V — fl ' in (II . lb and (11.2b . one can derive (I2.8b - d2.13b . Finally, we have completed 
the proof of proposition 2. 

Furthermore, a direct calculation shows that if <p\ and cp 2 satisfies ( 12.8b and ( |2.9b , then 



01 = -0i J"[^2 J fiifodx^dx + F\4>\ j^dx + F 2 (pu (2.16) 

02 = -02 J" [^2 J" 4>2<p2dx\dx + G 102 J —^dx + G202, (2.17) 

is a solution of ( 12.10b and d2.1 lb . where F\, F2, G\ and G 2 are arbitrary constants. 

On the other hand, from Eqs. (l2.8b and (12.9b . one can find such a fact that if {0i, 02} is a solution of ( 12.8b and 
( 12.9b . then {0i, 02} has the following relation to Lax pairs (12.1b - (12.3b with A = 0: 

01= -A! f 4 +A 2, 02=A 3 ^ f -^+A 4 ^, (2.18) 

J 01 01 J 02 ^ 

with the constraint, 

^ f 4 r 72 +AiA4 r r 4-^=7^' ^- i9 ) 

J 01 J 02 J 01 ^02 ^ 2 

where Ai, A2, A4 and A4 are arbitrary constants. 

Now, substituting ( 12. 12b . ( 12. 13b and ( 12. 1 6b -( f27T9b in the symmetry (12.7b . we obtain a different nonlocal sym- 
metry of the HS-cKdV system corresponding to Lax pairs (I2.1b - d2~3l ). In other words, the nonlocal symmetry we 
obtained finally is exhibited by 0i, if/2 in Eqs.( l2.1b -( l2.3b . The final expression of this nonlocal symmetry is very 
complicated, we omit it here. However, we find that many arbitrary constants and functions with respect to t exist 
in the last form of the symmetry derived. Therefore, we only concern about part of our result, which still is a 
nonlocal symmetry of the original equations. So we select the coefficient of /3(t) in the complex expression of this 
symmetry for the further investigation in the following paper. We have 

Proposition 3 o~2 = (fXj, ct^) is a nonlocal symmetry of HS-cKdV system (11.1 t >-( TT~2b . where 

o-l = 2A!A 3 A, f 4 f 4+2Ai(A 4 A 1+ A 3 ^) f - 2A 3 (A 2 Ai - Ai ^) f -L 

J 0f J 02 02 J 0f 01 J 02 

-2A 2 A 4 Ai + 2AiA 4 — - 2A 2 A 3 — , (2.20) 

01 02 

ai = -A 1 A i K 2 f-^f ^ 2 --A I (A 4 A2+A 3 ^) f 4 + A 3 (A 2 A 2 + A, % f -L 

J 0? J 02 02 J 0i 01 J 02 

+A2A4A2 +AjA4— +A 2 A 3 — , (2.21) 

01 02 



and Ai = (fafa) x , ^2 = W[fa, fa], meanwhile fa, fa satisfy Eqs. (l2.U - d2.4l) with A = 0. 

Moreover, it is easily verified the fact that Lax pairs (12. It - (I2.41 > is invariant under the transformations: 

fa -> fa = fa \ -^dx, fa -* fa = fa f —*dx. (2.22) 

J 1A1 J fa 



With the aid of the above transformations (12.22) . the nonlocal symmetry <x 2 in Proposition 3 can be rewritten by 
the form: -AiAi,A(fa, fa) - A\AiA(fa,fa) + A 2 A3A(i^i, t/^) + A2A 4 A(i^i, fa) with A = (2A[,A 2 ). Considering 
the inverse transformations of (12.22) . one can easily know 

Proposition 4 If fa, fa satisfy Lax pair in Eqs. (12.11 >- (12.41 > with A = 0, then 

o- 3 = (p%, a%) = (- 2(fafa) x , fafax ~ fafax) (2.23) 

is a seed symmetry of the HS-cKdV system ( ll.ll )-( fL2l ). 

Remark 1 In fact, if fa, fa satisfy Lax pair in Eqs.( 12.11 i- (12.41 i with the arbitrary spectral parameter A, 0-3 in 
(12.231 1 is still a symmetry of the HS-cKdV system. This fact is easily verified by direct calculation. 

In Ref. 13511 . the author presented one kind of method to seek for more symmetries via differentiating a 
known one with respect to inner parameters: 

Proposition 5 If a /t-dependent function cr () (/l) is a symmetry of the HS-cKdV system d 1 - 1 b - JT72l > with 
A={Ai,A 2 , ...A r }, then 

d {n} d {mi d { " 2} d M 

cr„= — -rO- (A) = — — — — r-^o-o(A) (2.24) 

dAM dA M dA M M M 

is also a symmetry of the same HS-cKdV system d 1 - 1 b - JT72~b for {n}={ni,n 2 , • ■ ■ , n r ). 

Using the Proposition 4 and Proposition 5, we can get a set of infinitely many new nonlocal symmetries. For 
instance, if we suppose {1/0, fa] and {fa, fa} are two solutions of the Lax pair in Eqs. (12.11 i- (12.3h then 

o-(AuA2) = (a M (AuA2),o- v (AuM)) 

with 

o-"(Ai^2) = -2[{Aifa + A 2 fa)(Aifa + hhy\x, 

o- v {A\,A 2 ) = (A x fa + A 2 fa)(A\fa + A 2 fa) x - (Aifa + A 2 fa)(Aifa + A 2 fa) x , 
and Z\*'' 2 m cr(A\,A 2 ) are also symmetries of the HS-cKdV system ( 1 1 . 1 b -( l 1 - 2b . 

3. Localization of the non-local symmetry and exact solutions 

3.1. Localization of the non-local symmetry from DT 

In this section, we devote to study the symmetry from DT given by Eq. (12.23b in above section. First, we rewrite 
it as 

cr" = -2fafa x - 2fafa x , cr v = fafax - fafa x , (3.1) 

which apparently contain derivative terms fa x and fa x . Hence, by introducing new dependent variables ip\ =if\(x, t) 
and (f 2 =(p 2 {x, t) with 

*fi = fax, ¥2 = fax, (3.2) 
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the above symmetry (13. U is converted into 

O"" = -2fa(f2 - 2fa-(f\, CT* = fa(f2 - fa<pl- (3-3) 

In the following, we shall list the linearized equations of Eqs. d2.U - d272l > and (13.2b with A = 0, 

0* xx + (« + v)^ 1 + (cr" + <x l >i = 0, 

CT^. + (H - v)o* + (cr" - cr l > 2 = 0, (3.4) 
of - cr*> = 0, of - = 0. 

where cr" and cr 1 ' is given by ( 13.3b and cr^ 1 , cH* 2 , cr^ 1 and <x^ 2 denote the symmetries of fa, fa, f\ and <f2, respec- 
tively. 

Observing from Eq. (12.11 i and (12.2) . one can easily deduce that solution of ( 13.41 ) has the form: 

cr*' = pfa, o**=pfa, (3.5) 
o^ 1 = ijj\fa + p<fu cr''' 2 = l/^i 1^2 + W2- (3.6) 

where p=p(x, t) is a new potential variable which we introduced to make the prolonged system close completely, 
and it satisfies identically the compatibility conditions: 

p x = 0-10-2, Pt = -ufafa - 2(pi<p 2 . (3.7) 
Furthermore, the linearized equation of its symmetry <j p read 

<J* X +020*. (3.8) 

and a straightforward calculation shows that cr p has the simple form 

cr p = p 2 . (3.9) 

Finally, the prolongation for nonlocal symmetry (13. 1) is successfully localized by introducing variables {fa , 
fa, <pi , (f2, p) on the original variables {u, v) with the equivalent vector expression 

d d d d 

V = -2(faip 2 + faifii)— + (falfi 2 - falfl)— + pfa— + pfa — 

ou ov ofa ofa 

d d d 

+(ififa + p<Pi)— + (fafa 2 +p<p 2 )^—+p 2 ^-- (3.10) 

0(p\ 0<p2 Op 

Here, it is worthy to mention that if further consider the differential equation of the introduced variable p from 
above localized procedure, one can find the corresponding differential equation is nothing but the Schwartz form 
of the HS-cKdV system fTTb-fLlb 

VH\ - &H<H X <H XX + 49{ 2 (2C, - (C 2 ), - ACS X + <H XXX - C xxx ) + \m^S x = 0, (3.11) 

where H — S + 2C, S = — ^p 2 - and C = -j- are all invariant under Mobious (conformal) transformation. The 

reason lies that the finite Mobious transformation 

a + bp , , 

p — > — , (ad + be) 

c + dp 

possess its infinitesimal transformation p — > p + ep 2 in special case a = 0, b - c - 1 and d = —e. The fact show 
us that the corresponding Schwartz form of a given differential equation derived usually by utilizing singularities 
analysis method can also be obtained through localization of the nonlocal symmetry from DT. Therefore, this 
method may provide a potential application to find Schwartz form of some integrable models, especially discrete 
integrable models which have some known DTs. 
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3.2. Finite symmetry transformation 

For the related prolonged system from symmetry (13. I) , it is natural to seek the finite transformation form of 
( 13.10b . By using Lie's first theorem, we need to solve the following initial value problem 

du(e) - „ ~ „ dv(e) „ , » A dij/\{e) „ ~ dif/ 2 (e) 

— — =-2ifr 1 (p2-2ifr 2 <Pu — : — = 0iY?2 - 029?i, — j = P^l, — j = />02, 

de de de de 

#"iO) 72? j,-, ^(e) 7 ?2_,~, ^2 « 10 x 

— - — =ifttff 2 +p<pu — — = i/fii/q +p$>2, — — =p, (3.12) 
de de de 

u(0) = u, v(0) = v, iAi(0) = ^i, 0-2(0) = (A 2 , 0i(O) = pi, M>) = <P2, p(0)=p, 

where e is the group parameter. 

By solving the initial value problem ( 13.12b . we arrive at the symmetry group theorem as follow: 

Theorem 1 If {u, v, ijfu 02, tp\, <p2, p} is the solution of the extended system consist of ( ll.lb -( l2~4l i. (13.2l i and (13 ,7b 

with A — 0, so is \u, v, 0\, 02, <Pi,$>2> P) 

u — u -, 

l-ep (l-ep) 2 ' 

e{4fHP2 + 02^0 e 2 0?02 

V — V H h 



l-ep ■ (l-ep) 2 ' 
01 ~ 0? 

0i = t^-, <A2 = t- 22 -, (3.13) 
l-ep l-ep 

<fi e020? . ^2 e0i02 
= 1 + 7: ro. 9?2 = 



l-ep (l-ep) 2 ' r l-ep (l-ep) 2 ' 
P 



1 -ep 

with e is arbitrary group parameter. 

For example, starting from the simple solution {u — y - y , v = y - y } of ( 11. Il l and (11.2l i. we can derive the 
corresponding special solutions for the introduced dependent variables from d2.U - d2.4t . (13.2b and (13 .7b under the 
condition A — 0, 

/ Ai(/l? — 3/1?) ■, 

01 = cosh^x H f + ^10 j, 

/ A 2 (Ai — 3/1?) \ 

02 = cosh [A 2 x + 1 + fro ), 

1 A\(A 2 — 3/1?) i 

01 =A 1 swh(Aix+ l — — f + ^10), (3.14) 

/ A 2 {Ai — 3/1?) 

02 = A 2 sinh [A 2 x + 1 + £ 2 o ), 

sinh^i sinh fr 
P = 1 1- CO- 

F 2Ai - 2A 2 2Ai + 2A 2 

Substituting ( 13.14b into (13. 13b leads to the non-trivial solution of HS-cKdV system (TlB-iTO) 
/ij A}, e[(/l 1 - /) 2 )sinhf 1 + (/i] + /t 2 )sinh£ 2 ] e 2 (coshfi + cosh£ 2 ) 2 



2 2 ,sinh£i sinhft , e \ 1 -™ h fl , s'nhft , f \ \ XI ' 

ij A 2 e[(/li - /l 2 ) sinhf i + (A] + A 2 ) sinh£ 2 ] e 2 (cosh£i + cosh£ 2 ) 2 

2 2 o,/ sinhfi , sinhft , ^ \ 9 Tor,/ gghf] , sinh fa , r s n2 ' 



with 



/I? + 4/1^2 + /I? 

?i = - ^H* + -f] + f 10 - 60, 

A 2 ,-\A X A 2 + Al 
ft = (Ai + <i 2 )[* + -i 2 -t\ + ft + 60, 



where fo>£io and £20 are arbitrary constants. 

It is necessary to point out that the finite transformation exhibited in Theorem 1 is distinct from the original 
DT in above section. Indeed, it is equivalent to the so-called Levi transformation, or the second type of Darboux 
transformations. At the algebra level, two different types of finite transformation possesses the same infinitesimal 
expression ( 13.1b . Besides, the last equation of ( I3.13l l is nothing but the corresponding Mobious transformation in 
the front analysis about Schwartz form (13.1 It of the original system. 

3.3. Similarity reductions of the prolonged system 

In this section, our main aim is to seek for some exact solutions from the prolonged system to construct some 
novel solutions of original HS-cKdV system. Therefore, we employ the classical Lie symmetry method to search 
for similarity reductions of the whole prolonged system. 

Accordingly, we consider the one-parameter group of infinitesimal transformations in {x, t, u,v,\j/\, 
>{f2,<Pu<P2,p} given by 

[x, t, u, v, i(t\,if/2, <fi, f 2 ,p}— *{x+eX, t+eT, u+ell, v+eV, ^i\+e\\j\, il/ 2 +e x ¥ 2 , <Pi+c®i, tpi+c^i, P+cP) 

with 

cr" = Xu x + Tu, - U, o- v = Xv x + Tv, - V, 

cr"" = Xtfr u + Ti/r u - W u a** = Xi/, 2x + Tifr 2t - V 2 , 

a* 1 = Xcp lx + T<p h - Q u cr* = X<p 2x + 7> 2 , - 0> 2 , (3.16) 
o-P = Xp x + Tp, - P, 

where X, T, U, V, *Pi, ¥2, Oi, O2 and P are functions with respect to {x,t,u,v,^/\,^i 2 ,ip\,ip 2 ,p}, and e is a small 
parameter. Substituting (13.16b into the symmetry equations, i.e., the linearized equations of the prolonged system 
obtained in above section 

cr" - -O-^ - 3«cr" - 3cr"u x + 6vcr x + 6cr v v x = 0, cr)' + cr xxx + 3cr"v x + 3ucr x = 
o-p x + (u + v)o*' + {cr" + cr l >! = 0, oil + (m - v)^ 2 + (cr" - cr'> 2 = 0, 
erf 1 + X -a*\u x - 2v x ) + " 2<) - (« - 2v)crt i - (cr" - 2cr> lx = 0, 

erf 2 + X -crHu x + 2v x ) + ^ 2 (cr u x + 2cr\) — (u + 2v)crp - (cr" + 2cr v )fe = 0, (3.17) 
o-p - cr* 1 = 0, o-t 2 - cr* 2 = 0, 

o-' x - frcr* 2 - t(, 2 cr' 1 " = 0, erf + utyia* 1 + facr* 1 ) + cr"^^ + 2$ x cr' f2 + 2cf> 2 cr^ = 0, 

then collecting together the coecients of the dependent variables and their partial derivatives, and setting all of them 
to zero, yields a system of overdetermined, linear equations for the infinitesimals {X, T, U, V, v i'i, x ¥ 2 , ®i, 2 , P). By 
solving these equations, one can get 

X — c\x + C4, T — 3c\t + c 2 , 

U = -2c\u - 2c 3 (if/i(p 2 + fi 2 <pi), V - -2c\v + c 3 (0-i0 2 - ^2^1), 

*Pi = c^pifri +c 5 ifru ^2 = cipfa +c 6 if/ 2 , (3.18) 
$1 = cs(jfyr 2 + p(p\) - (c\-c$)ipu 2 = Cs(4li4t\ + pip 2 ) - (ci-c 6 )<p 2 , 
P = C-ip 1 + (C5 + c 6 )p + C\p + Cj, 
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where c,- (z'=1...7) are arbitrary constants. Especially, when c\ — c 2 — C4 = C5 = Cf, — cj — 0, the degenerated 
symmetry is just one (13. 10b . and when C3 = C5 = ce = cj — 0, the related symmetry is only the general Lie point 
symmetry of the HS-cKdV system dl.lHl.2l ). 

To give some corresponding group invariant solutions, we need to solve the following characteristic equations: 

dx dt du dv d\ff\ dip2 dfi d<f2 dp 

Next, we consider several different similarity reductions arising from (13.19) under the condition C3 + in some 
detail. 

Reduction 1 c\ + 

Without loss of generality, we assume C2 = £4 = c$ = C& = and redefine k - 1 36g2 . Then, two different 
situations, k + and k = 0, need to be further considered, respectively. 
Case 1 k + 0. We obtain similarity solutions 

■exp(-|i»(z)){3ciik[Ti(z)<D2(z)+¥2(z)<l>i(z)] tanhz 1 -c 3 , P?(z)^(z)sech 2 z 1 }, 

ixp(-^(z))[«P 1 (z)<D 2 (z) - Y 2 (z)$i(z)] tanhzi, 
<Pj(z) 1 

P(z))sechzi, ^2 = — i — exp(--P(z))sechzi, (3.20) 

1 1 , 

<Pi = r exp(--P(z))[3c 1 ^<D 1 (x)sechz 1 +c 3 v I'f(z)T'2(z)tanhz 1 ], 

3c x kt-- 2 

1 1 , 

n = exp(--P(z))[3ciM> 2 Cx)sechzi + c 3 x P 1 (z)^(z)tanhzi], 

3c x kt-- 2 

C] 

p - - — (1 + 6^tanhzi), 

2c 3 

with zi = k(ln t + P(z)), and the similarity variable z = x/tfi. 
Substituting ( 13.20b into the prolonged equations leads to 

V ® = -StT - StT - A exp(-^(z))[>P 1 (z)>T 22 (z) + <P 2 (z)¥ lz (z)] 
2^1 (z) 2T 2 (z) 9c\k l 3 



u = 


t/(z) 


2c 3 


2 

n 


9c^2f§ 


V = 


V(z) 

—r- + 

n 


C3 

2 £ 




^ife) 


exp(-i 


1 



c 2 (l + 12k 2 ) 



exp(--f>(z))^(z)^(z), 



WScjk 4 3 

V{z) = -StT + StT + T^l2 •apC-J^P'iC^Cz) - ^(z^Cz)], (3.21) 
2*Pi(z) 2t 2 (z) 18cik z 3 

Oi = exp(ip(z))^ 1 (z) + _£L-^(z)Y 2 (z), <D 2 = exp(ip(z))>P 2 (z) + (x)^(z), 
3 lscjfe 2 3 18ciK z 

Ti(?)= J-^/ J z (z)exp(ip(z) + e(z)), Y 2 (z) = A /-— P z (z)exp(ip(z)-e(z)), 
and P z (z) = Pi(z), Q z (z) = Qi(z) satisfy ordinary differential equations 

6P lzz (z)Pi(z) - 9P\ z {z) - 12PKz) + 4P 2 (z)z + 36P?(z)g?(z) - \2k 2 P\{z) = 0, 

3Qu*Pi(z) - 4Pi(z)Qi(z)z + 9Gi(z) - 24P l (z)Q 3 1 (z) = 0. (3.22) 

By using the ARS algorithm, eliminating P\(z) and its derivative terms in first equation through the second 
equation in Eq. (13.221 >. we obtain a four-order ordinary differential equation about the variable Q\(z). Then, we get 
two possible branches: Q\(z) - Qw/(z - Zo) with Qm-{+\}, and the resonant points occurs at {— 1, 1,4,5). Then 
detailed calculation show equations (13.22b can pass the Painleve test. 
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Case 2 k = 0. We obtain similarity solutions 

-UPdzWiiz) + y 2 (z)®i(z)] - —^-%{z)%{z), 



U(Z) . 2c 3 nT , _ . 1T , _ 2 C 2 



f3 3C1?3Z1 9c\t^z\ 



V(z) c 3 

-r 1 ^m(z)%( Z ) - T 2 (z)$i(z)], (3.23) 

*1(Z) C 3 ^(Z)T 2 (Z) <t> 2 (z) C 3 < P 1 (Z)^(Z) 
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f^Zi 3cif2zf f 2 zi 3cifJ^ 

, Yi(z) , T 2 (z) Cl 3d 

<Ai = — i — . ^2 = — — , p = , 

fSZj tfZ\ /c 3 c 3^1 



with zi = In t + P(z), and the similarity variable z = x/tfi. 
Substituting ( 13.23b into the prolonged equations leads to 



rn , glg(z) Vlzziz) .... Vlzziz) ^z(z) 

U(z) = , V(z) = 1 , 

2¥!(z) 2<F 2 (z)' 2Ti(z) 2T 2 (z)' 



<I>, = Y u (z), Ti(z)= J— P z (z)exp(g(z)), (3.24) 

c 3 



*2 = T 2e (z), *F 2 (z) = y^P z (z)exp(-e(z)), 

and P,(z) = f'i(z), <2z(z) = <2i(z) satisfy ordinary differential equations 

6Pi cz (z)Pi(z) - 9P\ z (z) - 12Pi(z) + 4Pfc) z + 36P?(z)6?(z) = 0, 
3Qu,Pi(z)-4P l (z)Q l (z)z + 9Q l (z)-24P l (z)Ql(z) = 0. (3.25) 

For equations (I3.251 l. eliminating P\(z) and its derivative terms in first equation through the second equation, 
we obtain a four-order ordinary differential equation about the variable Q\{z). Similar to above subcase, we get 
two possible branches: Q\{z) = Qw/(z - Zo) with 2io={±i), and the resonant points appears at {— 1, 1,4,5). Then 
detailed calculation show equations ( I3.251 l also possesses Painleve property. 

Therefore, from the results in Reduction 1, one can observe that the last exact solutions of the original HS- 
cKdV system will include hyperbolic function , Painleve solution and rational function, which represent the inter- 
actions among solitary wave, Painleve wave and rational wave. 

Reduction 2 c\ =0. 

For simplicity, we let c 2 = 1 and redefine the parameter / 2 =i£i±£js2 — C3C7. Then, two subcases I + and I — 
are taken into account in this subsection. 

Case 1 1 + 0. We derive similarity solutions 

u = U(z) - ^[*Fi(z)<D 2 (z) + ¥ 2 (z)*i(z)] tanhz! + ^^(z)^(z)sech 2 zi, 
v = V(z) + jPiMz^z) - Y 2 (z)*i(z)] tanhzi, 

C5 — C(, Cfi — C5 

tpi=exp( — - — f) v Pi(z)sechzi, fa = exp( — - — f)*F 2 (z)sechzi, (3.26) 
<pi = r 1 exp( Cs - C6 0[^<E>isechzi + c 3 T';(z) v i' 2 (z) tanhzisechzi], 
ip 2 = T 1 exp( C6 C5 f)[/0 2 sechzi + c 3 , J'i(z)^(z)tanhzisechzi], 

P = -77— (c 5 + c b + 2/tanhzi), 

2c 3 

with zi = l(t + P(z)), and the similarity variable z = x — c<\t. 
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Substituting ( 13.26b into the prolonged equations leads to 



TJ( 7 \ - ^^(Z) _ Vlzziz) _ 4vp2 f W 2 ( ^ 

UiZ) - 2V 2 (z) /2 T > (Z)T 2 (Z) < 

y (z ) = _I^ + ^ 
2T!(z) 2Y 2 (z)' 



4>, = T 1: (:). = A |— ii-exp( f Gi(z)<fe), (3.27) 

c 3 Pi(z) J 



-P_ 

'c 3 Pi(z) 



<I>: =HM:). H' : c)= c vp(- J<2i(z)<fe), 



n / \ 4c 4 ^ 8 2 2Q lzz (z) + c 5 -c 6 

p ^ = T + 3 Gl(z) ' 

and 2i(z) satisfy ordinary differential equations 

Q\ z (z) = a + a^fe) + a 2 e?(z) + a 3 Ql(z) + 4<2?(z), (3.28) 

with «o = ^r - . fli = C6 - C5 and a2 = 4c4. 

To show more clearly of this kind of solution, we offer one special cases of the HS-cKdV system 41.1b and 
( 11.21 i by solving Eq. ( 13.28b . For instance, A simple solution of Eq. ( 13.281 ) takes the form 

Q 1 (z) = b +b 1 sn(hz,m), (3.29) 

which lead to the solution of the HS-cKdV system ( 11.11 ) and ( 11.2b : 

1 (16M - h 4 m 2 ) + 2b Q mh[8b 2 - ( 1 + m 2 )h 2 ] sn(/i£ m) 



-6fcg + -/i 2 (l + m 2 ) + ^ — , °— — 

4 [2bo + mhsn(h^,m)] 2 

jumh 2 cn(h^, m)dn(/i£, m) tanh[2yu/?o(? + Zi)] /i 2 sech 2 [2//Z?o(? + Z\)] 



[2bo + mhsn(h^, m)] 2 2[2bo + mhsn(h^, m)] 2 



(3.30) 



iyu tanh[2fib (t + Zi)], 



with zi = 4^ Jjf [2/7 + mhsn(ht;, m)]- l dz, £o = x- [6b 2 - \h 2 (\ + m 2 )]t and n = [(4b 2 - h 2 )(4b 2 - m 2 h 2 )] I . Here, 
sn, cn, and dn are usual Jacobian elliptic functions with modulus m. 

From the expression of the last exact solution (13.30b , we know that it potentially reflects the interaction between 



the soliton and the cnoidal periodic wave. As Shin has mentioned [26-28], these soliton+cnoidal wave solutions 
can be easily applicable to the analysis of physically interesting processes. 

The dynamics behavior of the soliton+cnoidal wave solution given by ( 13.30b at two different choices of the 
parameters bo,h and m are illustrated in Fig.l and 2. In Fig. 1, when m+\, we can see that the component u 
exhibits a bell-shaped bright soliton propagates on a cnoidal wave background, whereas, periodic wave in the 
component v occurs at the corner of a kink-shaped soliton. When m-l, the Jacobian elliptic periodic functions in 
( 13.30b reduces to the general hyperbolic functions, so the characteristics of the two-soltion is depicted distinctly in 
Fig. 2. 
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Case 2 I — 0. We obtain similarity solutions 



U = U(Z) + — rFife)<I>2fc) + Tjfe)*!^] - ^¥?(z)^(z) 
Zl Zj 

v = V( Z ) + £l[»P 2 ( z )$i(z) - YifeJOafc)], 

Zl 

\px = exp( — - — t) , t// 2 = exp( — - — t)- 



Z\ 



Zl 



<Pi = exp( — - — t, ], 



Zl 



<P2 = exp( — - — f)[— 5 ]. 



Zl 



p = — 



C5 +C 6 



1 



2c 3 c 3 zi 

with z\=t + P(z), and the similarity variable z = x - c\t. 
Substituting ( 13.311 ) into the prolonged equations leads to 



TTf . Vlzziz) ^(z) .... ^(z) , ^(Z) 



®i=T u (z), Ti(z) = 



\c 3 Pi(z) 



2¥ 1 (z) 2¥ 2 (z)" 



exp( 2i(z)*), 



*2 = T 2l ( Z ), T 2 (z) = 



1 



\c 3 Pi(z) 

r) / \ 4c 4 ^ 8 2 2gig(z) + c 5 - c 6 
*tt> = - + jQrdO ^ 

and 2i(z) satisfy ordinary differential equations 

2i(z) = «igi(z) + a 2 Gi(z) + a 3 Ql(z) + AQ\{z) 



exp(- Qi(z)dz), 



(3.31) 



(3.32) 



(3.33) 



with ai — Cf, - C5 and a 2 = 4ca- 

Hence, in this subcase, from Eq. (13.33l l. the final exact solutions consisted of Jacobian elliptic periodic function 
and rational function denote the interactions among cnoidal periodic waves and rational waves for the HS-cKdV 
system. 



4. Integrable models from nonlocal symmetry 



4.1. Negative HS-cKdV hierarchy 

As we known, the existence of infinitely many symmetry naturally leads to the existence of integrable hierar- 
chies. For the general hierarchies, one can obtain them form a trivial symmetry of the original integrable system 
using recursion operator. For example, considering the corresponding recursion operator 11291 - 13 ill , the HS-cKdV 
system has the following high order symmetry 



1 -j 5 2 o a o 

u T — (-^uax + 5uu x — jWxx + ~ % uv + $ u )x ~ v u x, 
v T = {-vax - 2u x v x - 6uv xx - ^-v 3 ) x - 3u xx v x - 5u 2 v x . 



(4.1) 
(4.2) 



It is remarkable that the reduction v = in this symmetry gives us the Lax equation [49]. 
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Recently, Lou I14IJ17I1 has extended some ( 1 + 1 )-dimensional integrable model to some corresponding negative 
hierarchy through a set of nonlocal infinitely many symmetries which can be obtained from the kernels of a re- 
versible recursion operator. However, to obtain the inverse of the known recursion operator is still a difficult work, 
especially for the high dimensional system and the high order operator. Here, to obtain the negative HS-cKdV 
hierarchy, we would like to employ one kind of method without the recursion operator [10]. 

Starting from the nonlocal symmetry from DT given by (I2.23t . we let 



K U (A) = -2(1^2),, K l Q (A) = - Wix, 



(4.3) 



where i/fy and 1//2 are determined by Lax pair (12. It - (l2.4t with A + 0. Because of the parameter A being an arbitrary 
constant, we can treat it as a small parameter and expand K^(A) and K^(A) as a series in A: 



K"(A) = V —S-K"(A) A", K"(A) = Y —^-K V JA) 

n=0 n-0 



A", 



(4.4) 



Substituting equation ( 14.4b into the corresponding symmetry definition equation of the HS-cKdV system ( 11.11 )- 
( 11.2b . we can conclude that 



,!=() 



A", 



(4.5) 



A=0 



must also be a symmetry of the HS-cKdV system for all n (n — 0, 1,2...). At the same time, we let ip\ = \f/\{X) and 
<A2 = il*2(A) have the formal series form 



^1 =Y I ifn[k]A k , ^ 2 = 2^W^, 



(4.6) 



k=0 



k=0 



where i/o [k] and 1^2 [k] are A independent and should be determined later. 

Substituting ( 14.5b and ( 14.6b into ( 12. lb and (12.2b . and collecting the coefficients of A yields 

(<9 2 + u + v)(Ai[0] =0, (<9 2 + u + v)iAi[/t] = -^>[& - 1], 
(d 2 + u- v)(A 2 [0] =0, (d 2 + u - v)iff 2 [k] = ifri[k- 1]. 



(4.7) 
(4.8) 



Then, [k] and 1^2 M can be solved recursively as 

ifn[k] = irVa[*-l] = ^2 Vi[*-2] ■ 



iff Z [k] = L 2 Vi[^-1] = L 2 'LrV2^-2] • 



(L 2 Li) 2i^i[0], & is even 
(L2Li)-¥l-Y 2 [0], fc is odd 

(Z4L2) ~^2[0], £ is even 
(Li^-^L-VifO], fc is odd 



(4.9) 



(4.10) 



L\ — —d 2 — u — v, L 2 = d 2 + u — v, 
which leads (14.6b to 

CO CO 



t, =0,2,4- 



fe=l,3,5- 



(^Lzr^^tOM* 3 + J] (Z,!L 2 )-^L 2 Vi[0]^ 4 . 

fc,=0,2,4~ fc l =l ) 3 ) 5- 



(4.11) 
(4.12) 



13 



Finally, the set of the nonlocal symmetries can be obtained by substituting ( 14.111 ) and ( 14.121 ) into ( 14.51 ): 





- _ 22i 1= o,2,4- 


(S1S3)* - 2 Z%Li,3^...(S2S*)jc> 




K 






S4S2X), 


k;; 


- z Zjk, =0,2,4- 


(SiSe)j! - 2 2t 2=lj3i 5...(S2S 5 ) j: , 




K 




^6* - EgE^) + Zjfe 2 =l,3,5...("2S5^ - 


H5S2J:), 



n is even, 



n is odd, 



(4.13) 



(4.14) 



where 



H 3 = (L ] L 2 )-'^ L if f2 [0], S 4 = (LiLzr^^VitO], 



S 5 = (Li^-^^tO], E 6 = (L\Li)~ 



■Z^VifO]. 



From the set of the nonlocal symmetries, the negative HS-cKdV hierarchy (the flow equations of the HS-cKdV 
equation corresponding to the nonlocal symmetries) follows immediately: 



u t = jq, Vt = jc n , 

Li^i[0] = 0, L 2 (A 2 [0]=0, 



(4.15) 



where K% and JC n are expressed by (14.13) and ( 14.141 



Using the Miura transformation [47 



48] 



1 1,1, 1 1 

the first one of negative HS-cKdV hierarchy ( 14.151 is transformed to a coupled sinh-Gordon equations: 

F xt = sinh(F) + /, G x , = sinh(F) + g, 

[(4s - 1) exp(F) - /]F a + [| sinh(F) - g]G r - /, = 0, 

[f-g-2s e\p(F)](F x - G x ) + f x - g x - 2s exp(F)F x = 0. 



(4.16) 



(4.17) 



with s is an arbitrary constant. When s = \ and G — 0, ( 14.171 is just the usual sinh-Gordon equation. 

Further, the complicated integrodifferential hierarchy (14.151 can be written as a simple equivalent differential 
equation system ((LaU) m * l P m = <Ai [0], (Uh£fU Q m = 0r 2 [O]) 



with 



u, - ~2£™ =0 (HiH3) Jt - 2 2™ =0 (S2H4) X , 

v, = Z7 I=0 (HiH 3 , - S3H1J + 27 2 ; 1 (S2H 4 , - S 4 S 2J ), 

«/ = -2 2™ =0 (SiS 6 ). v - 2 S^O^Hs)*, 
L x (L 2 L x ) m+l P m = %L 2 (L x L 2 TUQ m = 0, 



Hi - (L 2 L 1 ) m -- / ' +I J P m , H 2 = (LiLi^On, 
3 3 = (L\L£) h L\Q m , H 4 = (UU) h ^UP m , 
S 5 = (L 1 L 2 ) h L 1 Q m , H 6 = (MLirLiP.n. 



n = 2m is even, 



« = 2m + 1 is odd, 



(4.18) 

(4.19) 
(4.20) 



In ref.[18], only the first negative HS-cKdV system is given. Now we provide the whole negative HS-cKdV 
hierarchy by simple differential form. 
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4.2. Lower-dimensional and Higher-dimensional integrable systems 

From the nonlocal symmetry of the HS-cKdV system and Proposition 5 in Section 2, a nontrivial nonlocal 
symmetry related to the spectral functions ifti and fa can be obtained, 

N N 

o~n = {cr ll N , cr Y N ) = ( - ^ 2a,(iAi,(A2/)x, ^ ai(_faifa ix - faifaixi) (4.21) 

i=l i=l 

where a, are constants, z = 1,2, Af, and {(^i,, ^2*} are independent solutions of the Lax pair (12.1b - (12.4b with A — 0. 

A. Lower-dimensional integrable systems 

Usually, every one symmetry of a higher dimensional model can lead the original one to its lower form. Now, 
considering 

N N 

u x = ~^_ i 2ai(if/iiif/2i) x , v x = 2^ a;(faifa ix - faifaix), (4.22) 

1=1 i=\ 

as a symmetry constraint condition and acting it on the x-part of the Lax pair (12.1b - (12.2b for fa = fa, and fa = fai, 
we have the lower dimensional 2N-component differential system 

N 

faifaixxx - faixfaixx - ^anifanfanx + Ifanfanx)^ = 0, 

17=1 

N 

faifaixxx - faixfaixx - ^ O-nifanfanx + 'ifanfanx)^ = 0. (4.23) 
n=\ 

When N - 1, fao = fa,fao = fa, system ( 14.23b is the differential equations 

fafaxxx - faxfaxx - 3aifa l fafa x - a\fa\fa x = 0, 

fafaxxx - faxfaxx - 2>a\\j/\fafa x - a x \p\fa x = 0, (4.24) 
More especially, under the condition fa = fa, system (14.24b becomes the elliptic equation 

fa\ x = bo + bifa 2 +a\ij/\, 



where bo and b\ are arbitrary constants. So we call system (14.24) a coupled elliptic equation. 

Substituting ( 14.22b into (12.3b and ( 12.4b and using (14.23b . the f-part of the Lax pair becomes the generalized 
2N-component coupled modified KdV (mKdV) system 

N N 
fail = -faixxx + 3 2_j an($\nfan)xfai ~ 3 ^ 0. n &~ x (fa n fa„ x ~ fanfanx)faix, 

N N 

fail = - faixxx + 3 ^ a„(fa„fa„) x fai + 3 2^ a n d x l (fa„fa nx - fanfanx)faix- (4.25) 
When N = 1 , a\ = 1, fao = fa , fao = fa, system ( 14.25b is the generalized coupled mKdV equations, 

fat = -faxxx + 3fa(fafa)x - 3vfa x , 

fat = - faxxx + 3fa(fafa) x + 3vfa x , (4.26) 
v x = fa fax - fafax- 
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B. Higher- dimensional integrable systems 

To obtain some higher dimensional integrable models, one may introduce some internal parameters. It is 
obvious that system (1 1 . 1 b - d 1 -2b are invariant under the internal parameter translation, say y translation. That is to 
say (u y , v v ) is also a symmetry of the HS-cKdV system. So we can use 

N N 

u y = - ^ 2ai(iffii\f/2dx, v y = ^ ai(faifa ix - faifaix), (4.27) 

as a generalized symmetry constraint condition. 

Substituting ( 14.271 ) into the x-part of the Lax pair (12.1b - (12.2b for fa = fa, and fa = fat yields a higher 
dimensional 2N-component differential system 

N 

faixx - fai ^ a n d~ l {fanfanx + 3fa„fa„ x ) = 0, 

n=\ 

N 

faixx ~ fli 2 a n d~ l {fa„fa nx + tylntylnx) = 0. (4.28) 
n=\ 

When we take N = \,a\ = 1, iff 10 = iff i, iff 20 = iff 2, and use the same Miura transformation (I4.16K the system (14.28b 
also reduces to the same coupled sinh-Gordon equations with Eqs. ( 14.17b . 

Considering (14.27b and the x-part of the Lax pair (12.1t - (12.2b for ifti = if/u and fa = fai produces a higher 
dimensional 2N-component differential system 

N N 

ifflii = -ifJlixxx + 3 2^ a n d~ X (^\ n lff2n)xxlff\i ~ 3 2^ a„dy l (lfflnlff2nx ~ ^Infanx^lix, 
n=l n=l 

N N 

fait = - faixxx + 3 2^ a n dy l {fa n fa„)xxfai + 3 andy 1 (iff l„lf/2„x ~ fanfanx)faix- (4.29) 
n=\ n=\ 

Taking N - \,ci\ = 1, fao = fa,fao = fa, the system (14.29b becomes 

fat = -faxxx + 3fady\fafa)xx - 2>faxd~ x (fafax - fafax), 

fat = -faxxx + ?>fady l (fafa)xx + 'ifaxd'y 1 {fafax - fafax)- (4.30) 

For fa = fa, y — x, system (14.30b reduces to the mKdV equation. So we call system (14.30b a coupled modified 
ANNV equation. 

5. Conclusions and discussions 

In this paper, we pay close attention to nonlocal symmetries of the HS-cKdV system from DT and their appli- 
cations. Some important and meaningful results are obtained. 

In general, to search for nonlocal symmetries is an interesting but difficult work. Here, starting from the known 
DT of the HS-cKdV system, some different types of nonlocal symmetries are derived directly. Besides, infinitely 
many nonlocal symmetries can be obtained by introducing some internal parameters from the seed symmetry. 

Our next objective is focused on how to localize the nonlocal symmetry related to the DT. In fact, for some 
given nonlocal symmetries of the differential equation(s), whether these symmetries can be transformed to local 
ones is still unknown. Fortunately, through introducing five potentials, the nonlocal symmetry obtained from the 
DT is successfully localized to some local ones in our paper. This procedure leads the original HS-cKdV system 
to be extend the prolonged system. In particular, using the Lie's first theorem to these local symmetries, one can 
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find that the corresponding finite symmetry transformations have different group parameters from the initial DT 
but possess the same infinitesimal forms. Meanwhile, we also observe the fact that the DT of the HS-cKdV system 
is closely related to the Mobious transformation of its Schwartz form. 

For the prolonged system, the general Lie symmetry transformations and the corresponding similarity reduc- 
tions are considered. Some novel exact solutions of the HS-cKdV system are presented, which imply several 
classes of exact interaction solutions among solitons and other complicated waves including periodic cnoidal 
waves, Painleve waves and rational waves. Actually, it is very difficult to obtain these types of solutions from 
the original DT by solving the spectral problem directly. The reason lies that to solve the spectral problem with the 
seed solution being taken non-constant and non-soliton solutions is not an easy work usually. Therefore, a simple 
alternative way is provided to construct some new solutions for the integrable models with the known DT. 

The left work of this paper is to extend the HS-cKdV system to some new integrable models from the nonlocal 
symmetry related to the DT in two aspects. In fact, the existence of infinitely many symmetries suggests the 
existence of integrable hierarchies. By introducing the internal parameter, the negative HS-cKdV hierarchy is 
obtained without the inverse of the known recursion operator. Using a Miura transformation, this hierarchy is 
transformed to a coupled sinh-Gordon hierarchy. In addition, symmetry constraint approach is one of the most 
powerful tools to give one new integrable models from known ones. Usually, using this method, one obtains the 
lower dimensional integrable models from higher ones. Here, both lower and higher dimensional integrable models 
are presented by means of the symmetry constraints. 

Using the DT to search for nonlocal symmetries of integrable models and then applying them to construct exact 
solutions and new integrable models are both of considerable interest. However, the concrete integrability for the 
given lower and higher dimensional models is unknown. Moreover, in Ref ill 911 . Lou et al. had made use of the 
multi-DT to obtain some interesting nonlocal symmetries and constructed various lower and higher dimensional 
integrable models. Now a natural problem is how to use those nonlocal symmetries related to the multi-DT to 
obtain more novel solutions. These matters are worthy of further study. 
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